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Abstract

We define a direct translation from finite rooted trees to finite natural functions
which shows that the Worm Principle introduced by Lev Beklemishev is equivalent
to a very slight variant of the well-known Kirby-Paris’ Hydra Game. We further
show that the elements in a reduction sequence of the Worm Principle determine
a bad sequence in the well-quasi-ordering of finite sequences of natural numbers
with respect to Friedman’s gap-embeddability.

1 Introduction
With his recent work on Graded Provability Algebras (see [1]), Lev Beklemishev has
proposed a new promising approach to the problem of natural well-orderings, a con-
ceptual problem underlying contemporary ordinal analysis. His work has shown how
an ordinal notation system for ��� can be canonically extracted from the structure of
the Graded Provability Algebra of Elementary Arithmetic (

���
), i.e. from the Linden-

baum Algebra of
���

enriched with � -consistency operators �	��
 for each � . Whether
this method can be applied successfully to systems stronger than � � , and especially to
impredicative systems, is still unknown. As usual, a new approach to ordinal analysis
results in some new independent principle, and Beklemishev’s approach is no excep-
tion. The so called Worm Principle, a rewriting game on finite words of natural num-
bers, whose termination is provably equivalent to the 1-consistency of Peano Arith-
metic ( � � ), is directly obtained from the new provability-algebraic notation system. It
came as a bit of a surprise that, as independently observed by G. Lee, A.Weiermann and
the present author (see [2]), the system of fundamental sequences obtained in this way
can be shown to be a slight variant of the standard one used in proof theory, providing
a provability-algebraic justification of the latter.

The aim of this note is to present two simple relationships between Beklemishev’s
Worm Principle [2], Kirby-Paris’ Hydra Game [9], and Schütte-Simpson’s one- di-
mensional version of the Friedman-Kruskal Theorem [11]. Both comparisons between
those � � -unprovable theorems are established in a very direct and simple way and
with no use of ordinal notations (in the spirit of [5]), a fact that makes the present paper
suitable for expository purposes. The author also hopes that these results may shed
some light on the principles involved and, thanks to their very elementary character,
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be of interest to the non specialist, who is often refrained by the heavy use of ordinal
notations.

The relationship between the Worm Principle and the Schütte-Simpson Theorem is
particularly interesting in the author’s opinion since it is well-known that the notion of
gap-embeddability was introduced by Friedman in a quite ad hoc way to obtain inde-
pendence results from strong systems. The connection with the Worm Principle and
therefore with provability algebras is quite surprising and provides the first indepen-
dent justification of this concept. In this respect, we also present a characterization
of gap-embeddability in terms of implication in a system of provability logic. This
result has been obtained by Lev Beklemishev after seeing our Theorem 3, and is pre-
sented here with his kind permission. This result shows in an even stronger way how
gap-embeddability naturally emerges from provability logic and graded provability al-
gebras.

At the end of each section some comments are made concerning the the fine tuning
à la Weiermann of the principles involved. Similar results have been independently
obtained by Gyesik Lee and Andreas Weiermann in unpublished work, with heavy use
of tree-ordinals and ordinal notation systems.

2 Worms and Hydras
In this section we define a direct translation from hydras to worms which shows that
the Hydra Game and the Worm Principle correspond almost step-by-step. An exact
step-by-step correspondence is obtained by very slighly modifying the Hydra Game or,
equivalently, the standard assignment of fundamental sequences below ��� . The latter
fact has been independently observed by Weiermann and Lee (see [2]). The translation
we give here to establish the correspondence is of a “combinatorial” flavour and differs
both from the natural mapping between worms and ordinals smaller than ��� defined by
Beklemishev in [1] and from the mapping used by Weiermann and Lee.

A worm is a function ����� ������������� . Worms can be conveniently treated as
strings or words. The Worm Principle is defined by the following rules. Define function�! #"!$&%(' �*),+ as follows. If � % ��+.-/� then �! #"!$&%(' �*),+,�0- % � % ��+#�21&1213�4� % �5�76!+�+ . If� % ��+98:� let ;<�=-?>A@CBED	FHG:� %(I +5JK� % ��+ ; let L��0- % � % ��+#�21&121&�4� % ;M+�+ , and NO�=-% � % ;QPR6!+#�21&1&12�4� % �.�96S+3�4� % ��+T�96!+ , then set �! #"!$&%(' �*),+U�=-VLXWYNZW\[2[&[&WYN with )]PR6
copies of N , W denoting concatenation.

For a worm ' , let '^� - ' and let ' G�_a` - �! #"!$&%(' G �*�bP�6S+ . Let EWD (Every
Worm Dies) be the following sentence in the language of � � .

%dcH' + %fe ��+&� ' G -Ogh�i1
Beklemishev proved in [1] that EWD is equivalent to the 1-Consistency of � � over

primitive recursive arithmetic, and therefore that EWD is independent from � � .

We refer to ordered finite rooted trees simply as trees. Call level of a node j in a treek
(denoted by l	mnl(o % jM+ ) the following measure: the root has level �p6 , the successors of

the root have level � , and so on. That is, the level of a node in a tree is smaller by one
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unit than its usual height. Let q ` �4q�r be two heads (leaves) of a tree
k

. Then by q `Hs q�r
we indicate the first (nearest) common ancestor of q ` and q�r . Let t denote the empty
sequence. Hydras are finite rooted trees (referred to simply as trees from now on).

Definition 1. We define a translation W��vuxwzy�LC{EN��:|~}!L!)bN as follows. Let q ` �&121&14q G
be the heads (leaves) of the tree

k
in the visit order of

k
. Then we set

k�� �0-��fl(mzl % q�`3+�{M`�1&121*{zGz��`3l(mzl % q�GE+�

where

{ D -
� l(mzl % q�D s q�D�_a`&+ if l(mzl % q�D s q�D�_�`&+XJR>������!l(mzl % q�D�+���6��*l(mzl % q�D�_a`&+���6v�t otherwise.

An intuitive way to look at the translation is the following. Take a tree
k

. Write
down the levels of the leaves of

k
in the visiting order. From left to right, for each

couple of consecutive leaves, consider their first common ancestor. If the latter occurs
at a level smaller than the level of the lower between the two leaves minus 1, then insert
the value of this level between the values of the two leaves, otherwise insert nothing.

Recall for convenience the rules of Kirby-Paris’ Hydra Game from [9].

At stage � ( � a positive integer), Hercules chops one head q of the hydra � . If the
predecessor of q is the root, nothing happens. Otherwise let q ` and q r be respectively
the father and the grandfather of q . The hydra sprouts � copies of the principal subtree
determined by q ` without the head q from the node q r (the the roots of the new copies
are immediate successors of the node q r ). Hercules wins the battle if he reduces in a
finite number of attacks the hydra to its root.

With Definition 1 in hand we can prove the following. Let �  2��% k ����+ denote the
tree obtained from tree

k
by one step of the Hydra Game starting at stage � using the

strategy always cut the rightmost head. Let � denote the prefix relation. If ' is a worm� ' ` 1&1&1 ' G 
 let � %	' + (the successor of � ) denote the worm � ' ` P76�1&1&1 ' G P�6S
 . Let� ��� denote the one-step rewrite relation of the Worm Principle and � �R� denote the
one-step rewrite relation of the Hydra Game with the strategy always cut the rightmost
head.

Theorem 1. %�c ��+&�0�  2��% k �*��+ � � �S 3"S$&% k � �*��+i� .
Proof. By induction on the structure of trees we have three cases (corresponding to the
cases ��P�6 , �AP5� � _�` , ��P5�Y¡ with ¢ limit, on ordinals less than ��� ).

Case 1.
k

is of the form: a subtree
k ` plus one head joined to the root. By definition

of
�
, we have

k � - k �` � . By the rules of the Hydra Game, we have the reduction step
in Figure 1: the rightmost head disappears.

Therefore �  2�H% k �*��+Z- k ` , and �  S��% k ����+ � - k �` .

On the other hand, by the rules of the Worm Principle, we have:

3



k ` � �£�
k `

k �  2�H% k ����+

Figure 1: Case 1

k � - k �` � � ��� k �` - �S 3"S$&% k � �*��+
that is, �! #"!$&% k � �*��+�- �! #"!$&% k �` �M�*��+ - k �` . Therefore we have �  S��% k ����+ � - �S 3"S$&% k � �*��+ .

Case 2.
k

has two maximal subtrees
k ` and

k r joined at the root.
k r has the

same form of
k

in Case 1 but lifted one level up: one arc then one subtree
k�¤

and
one head sprouting on the right of the root of

k�¤
. By definition of

�
,
k � - k �` � k �r -k �` ��� % k �¤ �n+�- k �` �n� % k �¤ +#6 . By the rules of the Hydra Game,

k
undergoes the re-

duction step shown in Figure 2: �¥P¦6 copies of
k ¤

without its rightmost head are
created.

k `
k�¤

k r
k `

k�¤ k�¤
.......

§ ¨#© ª��P�6 copies

� �£�
k �  S�H% k ����+

Figure 2: Case 2

Therefore �  S��% k ����+ is formed by
k ` joined at the root with �«P�6 copies of

k r
without the distinguished rightmost head sprouting from the root of

k ¤
. Therefore�  2�H% k �*��+ � - k �` �n� % k �¤ +�121&1*�n� % k �¤ +© ª3§ ¨G�_�`T¬®­®¯3D�°²±�­4³ �#´�µ o�¶·z¸

.

On the other hand, since in � % k �¤ + there can be no element smaller than 1, we have,
by the rules of the Worm Principle:

k �` ��� % k �¤ +#6 � ��� k �` �Y� % k �¤ +��U1&121*� % k �¤ +��© ª3§ ¨G�_a`T¬®­i¯&D�°²±T­4³ ´�µ o�¶· ¸ �
- k �` �n� % k �¤ +�121&1��n� % k �¤ +© ª3§ ¨G�_a`�¬®­i¯&D�°²±T­4³ �#´�µ o�¶· ¸

��- �S 3"S$&% k � ����+

Therefore
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�  2�H% k �*��+ � - k �` ��� % k �¤ +�121&14��� % k �¤ +© ª#§ ¨Gv_a`T¬®­®¯&D�°²±�­*³ �¹´�µ o�¶· ¸
� k �` ��� % k �¤ +�1&1&14��� % k �¤ +© ª#§ ¨G�_a`T¬®­®¯&D�°�±T­*³ �¹´�µ o�¶· ¸

�º- �! #"!$&% k � �*��+#1

Case 3.
k

is composed of a two subtrees
k ` � k r joined at the root. The only thing

we know about
k r is that it starts with one arc and then has a maximal subtree

ka¤
(with

no level 0 heads) sprouting from that arc at level 0. By definition of
�
,
k � - k �` ��� % k �¤ + .k

undergoes the Hydra Game reduction shown in Fig. 3:

k `
k ¤

k r
k `

�  S�H% k�¤ ����+
� �9�

k �  2�H% k �*��+

Figure 3: Case 3

by the rules of the Hydra Game, the only part affected in
k

is
k ¤

(since it has no
head sprouting from its root), and therefore �  2�H% k �*��+ is just

k
with

k ¤
changed to�  2�H% k ¤ �*��+ .

By the inductive hypothesis, �  2�H% k ¤ ����+ � � �S 3"S$&% k �¤ �*��+ . By the Worm Principle
we have:

k � - k �` ��� % k �¤ + � �R� k �` �n� %®�! #"!$&% k �¤ ����+*+�- �! #"!$&% k � ����+31
Therefore �  2�H% k �*��+ � - k �` ��� % �  S��% k�¤ ����+ � +x� k �` �n� %®�! #"!$&% k �¤ ����+*+»- �! #"!$&% k � ����+ .
Corollary 2.

k �
rewrites to �  2�H% k �*��+ � for each � by the rules of the Worm Principle.

Proof. Beklemishev ([1]) observes that if m.� ' then ' rewrites to m in a finite number
of steps of the Worm Principle. Obviously

k �
rewrites to �! #"!$&% k � �*��+ for each � .

This shows that termination of the Worm Principle implies termination of the Hydra
Game. The independence of EWD from � � follows.

Remarks on the fine tuning of the Worm Principle It is easy to see from Theorem
1 that the Worm Principle corresponds step by step to a slight modification of the Hydra
Game, in which one more head is adjoined (in rightmost position) to the grandfather of
the head which is cut. For example:
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reduces to instead of

Besides, if one considers trees in Cantor Normal Form, the strategy always cut the
rightmost head is equivalent to Kirby-Paris’ strategy.

If one modifies the standard assignement of fundamental sequences to ordinals less
than � � as follows:

% �¼P½6S+3� ����-��Z� % ��Ph� � _a` +3� ����-¾��Ph� �¼¿ % �aP½6S+4P½6v� % ��Ph� ¡ +&� ����-¾��Ph� ¡vÀ GCÁ � for ¢ limit

then the corresponding Hardy functions measure the lengths of battles of the modified
Hydra Game (with Kirby-Paris’ strategy), and therefore of the Worm Principle.

We now make some remarks on the fine tuning à la Weiermann for the Worm Prin-
ciple.

Weiermann has completely characterized the growth functions for which the ter-
mination of the Hydra Game is unprovable in Peano Arithmetic (unpublished, an-
nounced in [12]). Let uÃÂ ³ indicate the Hydra Game in which at step � , the number
of replicas produced is � % ��+ , where � is some natural function. Consider, for ÄRÅ ��� ,
the function �vÆ %(I +¥�0-ÈÇ I Ç �\ÉnÊË µ D ¸ , where Ç�[�Ç denotes the binary length function and
u �T`Æ �0-ÍÌ¼�!;TÇ uAÆ % ;�+ºÎ I � . Then the termination of uxÂ ³ Ë is provable in � � for allÄ5J �C� but it is unprovable for Ä¥- ��� .

Let ÏnÐ�Ñ¼Ò , where Ó denotes a natural function, be the modification of EWD in
which �S 3"S$&%	' ��)b+^�0-�LHWHN�W�[2[&[fWHN with Ó % )�P,6!+ copies of N , W denoting concatenation,
for the case � % ��+X8¾� in the definition of the Worm Principle.

By the observations above, if one can make sure that Weiermann’s result for the
standard Hydra Game also applies to the slightly modified version and to the corre-
sponding Hardy Hierarchy, then Weiermann’s fine tuning for the Hydra Game also
applies to the Worm Principle. It is very likely in the author’s opinion that the addi-
tional “1” in the fundamental sequences does not harm Weiermann’s analysis (see for
example [13]), so that one can safely state the following 1.

Conjecture The fine tuning for the Worm Principle is the same as the fine tuning
for the Hydra Game, i.e.

� �ÕÔ ÏnÐ�ÑUÖ D Ö × ÉnÊË£Ø=Ù�Ú�Û Ä9J �C� 1
1A version of Conjecture 1 is settled in the positive by G. Lee and A. Weiermann in [10].

6



3 Worms and Gaps
We show that reduction sequences of worms correspond to bad sequences of finite
sequences of natural numbers with respect to Schütte-Simpson’s notion of gap- em-
beddability (see [11]), which is the one-dimensional version of Friedman’s notion of
gap-embedding of finite trees. We infer some Friedman-style independence results.
We also present a characterization of Schütte-Simpson’s strong gap-embeddability (see
[11]) in terms of provability logic due to Lev Beklemishev.

Schütte-Simpson gap-embeddability and Worms The main result of this section
is a simple combinatorial proof showing that the reduction sequences determined by
the Worm Principle are bad with respect to the one-dimensional version of Friedman’s
gap-embeddability relation, investigated in [11].

Definition 2. Given a natural number � , let � G�_�` be the set of all finite sequences of
natural numbers JR�pP96 . If N ` - % { � �21&1&1&�*{EÜ�+ and NSrh- %fÝ¹� �&1&121 Ý#Þ + are in � G�_�` , then
a strictly monotone function �ß�H�!�M�&121&13�¹;H�à�á�S���&121&13�*)Ã� is an embedding of N ` intoNSr if the following holds:

1. { D - Ý ³ µ D ¸ for all I J�; ,

2. if � %(I +XJßâ.J¾� %	I PV6S+ then Ý4ã Î Ý ³ µ D�_�` ¸ for all I J¾;���âAJ�) .

For NC`!�4N r,ä ��G�_a` we say that NC` is gap-embeddable in N r iff there exists a gap-
embedding � of N�` into N r , and denote this fact by N�`QÅ Ò °^N r .

It is known from [11] that, for each natural number � , Å Ò ° is a well-quasi-order on
the set ��G�_�` of all finite sequences of natural numbers JR�APV6 .
Theorem 3. Let NC`��4N ràä ��G�_a` . Then

N ` � �R�åN2rhæKN `Qç Ò ° NSr
Proof. Let N ` - % { � �&121&13�4{zÜv+ and NSr�- %fÝ#� �&121&1 Ý#Þ + be s.t. NSr»- �! #"!$&% N ` �fèH+ By the
definition of the game, there are two cases:

Case 1. { Ü -é� . Then )È-ê;��~6 and N r -é{ � 1&121*{ Ü ��` . Obviously N�` is not
gap-embeddable in N r .

Case 2. Let I � -O>A@CB % �¹â�JV;,��{ ã J�{ Ü �!+ . Let ë � be {zD�ì4_a`�121&1�{ Ü �T`3{ Ü �¾6 . (If I �
is undefined then ë � -�{ � 121&14{ Ü ��`&{ Ü �R6 ). Then

N r -V{ � 121&1�{zD�ìT{zD�ì4_a`�121&14{ Ü ��`#{ Ü �R6Z1&121�{zD�ì4_a`�121&1*{ Ü �T`3{ Ü �R6© ª#§ ¨µ ¯&_a` ¸ copies

-�{ � 1&121*{zD�ì&ë � ¿ % è�P�6S+#1

Suppose per absurdum that there is an embedding � of N ` into NSr .
First consider the case that I � -Í;��V6 . Then N r -¦{ � 121&1�{ Ü �T` % { Ü ��6S+ ¿ è�P76 .

It is easily seen that there cannot be an embedding of N�`½-¦{ � 121&1*{ Ü �T`3{ Ü in N r . The
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cases ;�-�� and è,-7� are similarly trivial. We can therefore suppose that ;»8V�M�fèx8�M� Ii�½í-�;½��6 .
Suppose then that I � J�;.�V6 or I � undefined. Let � % ;M+�-7âC` . Since � is strictly

monotonic, Ý ³ µ Ü ¸ - Ý ã Ê lies in NSr above at least one occurrence of {MÜº��6 . Let Ý ã ì�-{EÜº��6 be the first such occurrence with â � J~â ` . Let â be the minimum element in�0â � �&121&1&�iâ ` � s.t. there exists an ) ä � I®� P76��&121&13�¹;n� s.t. � % )b+h-7â . At worst we haveâ£-Õâ ` . We observe that necessarily it is the case that )î8 I²� P�6 . Otherwise all
the images of the elements { D ì _a` �21&1213�*{EÜ �T` �4{zÜ would lie in N!r between two successive
occurrences of {MÜ���6 , but between two such occurrences in NCr only the elements{ D ì _a` �&1&1213�*{EÜ �T` occur. Therefore )]�¥6 ä � I®� P�6��&121&13�¹;n� , and, by choice of â , � % )¦�6S+XJ¥â � . Then we have � % )Í�ß6!+XJ¥â � J�� % )b+ and Ý ã ìh-V{EÜ^�¥6pJ Ý ³ µ�Þ ¸ Î�{EÜ . This
violates the gap condition.

Strong gap-embeddability and Provability Logic After seeing Theorem 3, Lev
Beklemishev obtained an interesting characterization of Schütte-Simpson strong gap-
embeddability in terms of provability logics. Strong gap-embeddability, denoted byÅ ± Ò ° , is just ÅUÒ ° with the following additional root condition:

%�c âz+&� â�J�� % 6!+Zæ Ý*ã Î Ý ³ µ ` ¸ �i1
Strong gap-embeddability is introduced as a key auxiliary notion in [11]. ObviouslyÅ ± Ò °!ï ÅUÒ ° .

The relation Î ± Ò ° turns out to be equivalent to implication in a particular system
of provability logic ð»ñ�� � , introduced by Ignatiev in [8]2. ð»ñ�� � is a fragment of
Japaridze logic ð»ñY� , axiomatized by the following axioms.

1. For each operator � ��� the following axioms3:

(a) Boolean tautologies,

(b) � ��� %	ò �ôó^+Z� % � ��� ò �õ� ����ó^+ ,
(c) � ��� % � ��� ò � ò +Z�õ� ��� ò .

2. � )�� ò �õ� ���®� )�� ò , for )êÅR� ,

3. �	),
 ò �õ� ���®�()b
 ò , for )êJ�� ,

plus the rules of Modus Ponens and Necessitation.
We now present Beklemishev’s result with his kind permission. Recall that worms

correspond to closed polymodal formulas, i.e. formulas generated by ö½�S�	�n
#�2��6S
3�&1&1213�2�	��
#�21&1&1
alone, so that we can speak of provability of formulas involving worms in a system likeð»ñ�� � .

Theorem 4 (Beklemishev [3]). For every worm ÄY��� the following holds.

Ä5Å Ò °Y� Û ð»ñ�� � Ô �Ã�:ÄY1
2In Ignatiev’s paper the logic is called ÷�ø , since it depends on a parameter ù . Beklemishev suggested

to call ú�÷�ûXü the same logic with no parameter.
3These are the axioms of Gödel-Löb logic ú�÷ , see [4].
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Proof. ( æ ) Assume Ä�Å\Ò ° � . We prove ð»ñY� � Ô �¥�ýÄ by induction on the length
of Ä . The statement is trivial, if Ä is empty.

If Äß-V��� , then �Ã-V� � ����` with � � ä ��G by the root condition and �ÃÅ Ò °Y��` . We
have by the induction hypothesis ð»ñ�� � Ô ��`\�þ� , and hence ð»ñ�� � Ô ����`Q�þ��� .
Therefore,

ð»ñ�� � Ô � � ��� ` �ô��� `�£ÿ�� �������»-OÄ�1
This proves the claim.%�� ) Assume Ä ç Ò °»� . We prove ð»ñ�� ��� �Í��Ä by constructing a Kripke
model for ð»ñ�� � in which �«�:Ä fails. Let �Ã- %�Ý ` �21&1&12� Ý ÜC+ .

Recall from [8] that a Kripke model for ð»ñY� � is a finite set equipped with strict
partial orderings � D for each I ÎR� and satisfying the following condition (*):

� �QDfw and âAJ I æ % � � ã
	 Û w�� ã�	 +31
Consider a model � whose nodes are labelled by �S���&121&1#�4;�� and there is an arrow

� ã between � D and � D�_a` exactly when Ý D�_a` -Õâ . This may not yet be an ð»ñY� � -
model, because of the failure of transitivity or condition (*) in � . However, there is
a minimal ð»ñ�� � -model ��
 containing � , which is called the ð»ñ�� � -closure of �
[8]. It is obtained from � by adding appropriate arrows implied by transitivity and
(*). We set ��� G w if � � D w for I Î:� or w�� D � for I 8:� , and � � G w if � � G w ore N e � ` 1&121 e � ± such that ��� G � ` � G � rZ121&1 � G � ± � G w . The ð»ñ�� � -closure of � is the
structure ���x�¹� � �4��`C�&121&1&�¹
 (see [8], Proposition 3.9, and observe that in � only the
arrows � ã for â ä �S���&121&1*;H� are relevant).

It is obvious that at the node � of the model � (and in � � ) the formula is true. It
remains to prove that � � �*����Ä .

Assume � � �*����Ä . Then there is a sequence of nodes �b- �H� � � `C�21&1&1&� ��Þ ä �
such that � Di��� Ù�� Ê � D�_a` , for each I J�) , where Ä£- % ÄZ`C�21&1&1&�*Ä Þ + . We claim that this
sequence defines a gap-embedding of Ä into � .

To this end we analyze the structure of � � . We claim that � � satisfies the following
property (**): if I ���²â (in � � ), then (a) I JRâ�� %fÝ + % â ��6S+�� �²â (in � ), and (c) for everyN such that I Å¦N,J7â there holds Ý ±²_a` Î"! . This property can be easily verified by
induction on the generation of the ð»ñ�� � -closure. It is clearly satisfied for � : I ���²â
in � implies by definition that Ý ã - â and I - â��~6 , so the property holds. Now
suppose that I ����â in � � . Then either I � �²â (in � ) or there exists a chain such thatI � � I ` � � 1&1&1 � � I ± � �²â . In the first case, the property obviously holds. For the second
case, we just consider, for brevity, the case of N.-é6 , so that we have I � � I `#� � â . By
definition of � we have I `U-9âX�b6 , which verifies part (a) of property (**), and Ý#ã -$! ,
which implies % â���6S+�� � â and verifies part (b) of property (**). By definition of � �
we have two cases: either (1) I �àG I ` for some ��Î%! or (2) I `#�QG I for some ��8&! .
Consider case (1). By definition of � we have Ý D Ê -Í�OÎ'! and I - I `h�O6 , so thatI -¦â��)( . So we have Ý D�_a` - Ý D Ê -<�~Î%! and Ý ã �T`²_�` -*! , verifying part (c) of
property (**). So the property is verified in case (1). We now claim that case (2) is
impossible. Suppose otherwise. Then we have I ` � G I for some �£8+! . Also, we have
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I ` � �²â . So, by condition (*), we also have I � G â . By definition of the model � this
implies that Ý ã -��«8,! , but we already know that Ý ã -)! .

Now, it immediately follows from � Di��� Ù�� Ê � D�_a` in � � that % � D�_a` �¥6!+-� � Ù�� Ê � D�_a` in
� and hence Ý/. Ù�� Ê -~{zD�_a` . Besides, Ý ±®_�`ºÎ7{zD�_a` , for all N such that � D^Å7NAJ � D�_a` .
In other words, the gap conditions for the embedding I10� � D are satisfied.

Observe that Theorem 4 implies Theorem 3, with Å�± Ò ° replacing Å Ò ° , by the fol-
lowing argument. We know that ð»ñ�� Ô ' G��32 ' Þ , if )ô8¾� . So, ð»ñY� (let aloneð»ñ�� � ) cannot prove 'UÞ � ' G , otherwise one contradicts Löb’s theorem. So, ' G is
not gap-embeddable into 'hÞ . Also, since Å ± Ò ° is antisymmetric, we observe that for
no two syntactically different worms Ä��*� , ð»ñ�� � proves Ä54È� . This also implies
that the Normal Form Theorem for worms proved in [1] is not provable in ð»ñ�� �
alone.

Another immediate interesting corollary of Theorem 4 is the following Theorem,
also by Beklemishev, presented here with his kind permission.

Theorem 5 (Beklemishev). For each � , the extensions of ð»ñ�� � in the language with� modalities by a set of closed modal formulas corresponding to negations of worms is
finitely axiomatizable.

Proof. For each natural number � , the worms in �aG�_a` are well-quasi-ordered by im-
plication: Ä�Å ± Ò ° � iff ð»ñ�� � Ô �O� Ä , iff ð»ñ�� � Ô %76 Ä¼+�� %76 ��+ . Hence, for
any fixed � , the closure of any set of negations of worms in � G�_�` under logical conse-
quence over ð»ñ�� � has finitely many minimal elements. These constitute the required
finite axiomatization.

Observe that the argument is reversible: assuming that any set of negations of
worms is finitely axiomatizable, we infer the well-quasi-orderedness of the Å ± Ò ° re-
lation. Since the latter is unprovable in

�98½� � , Theorem 5 is unprovable in
�:8�� � .

Unprovability results and fine tuning We now consider some unprovability results
stemming from Theorem 3. We only deal with elementary consequences of the results
of the present paper and do not aim at completeness in any sense.

Let ; % ��+ be the following principle from [11].

c ) e ; c N � �&1&121&�¹N Ü�ä ��G�_a`�� %dcHI Å�;M+&� <>=@? % NSDf+^Å�)«[ %(I P½6S+®��æ %�ezI J¥âAÅ�;M+3� NSD Å Ò °XN ã �����
where the norm <>=@? % [=+ is the sum of the elements of the word N�D . Schütte and Simpson
showed in [11] that the sentence c ��; % ��+ is true but unprovable in Peano Arithmetic.
Now observe that the � -th worm ' G in a reduction sequence of the Worm Principle
starting with a worm ' � satisfies A  ��CB�$/Dz%(' G�+XÅ5A  ��CB�$/DE%(' � +�[ % � PE(�+/F , where the norm
A  ��CB�$/Dz% [=+ is the length function (see [2]). An immediate consequence of Theorem 3 is
the unprovability of the following (refinable) version of the Schütte-Simpson principle.c ��G % ��+IH c � c ) e ; c N � �&1&121&�¹NSÜ ä � G�_a` � %�c�I Å�;M+3�JA  ��CB�$/Dz% N D +XÅR) [ %(I PK(v+#F �æ %fezI J¥â.Å¾;M+&� N D ÅUÒ ° N ã ���i1
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Starting with a worm of length ) , the rules of the Worm Principle determine a
long bad sequence with respect to ÅhÒ ° and satisfying the norm condition. Therefore
the Skolem function for G % ��+ grows at least as fast as the termination function for the
Worm Principle. But we known from [2] that the latter dominates every � � -provably
total function.

We now make some remarks on the fine tuning for our Schütte-Simpson-style prin-
ciple c ��G % ��+ .

From Conjecture 1 we have that � � Ô ÏnÐ¾ÑhÖ D Ö × ÉnÊË9Ø=Ù�Ú iff Ä¦J �!� . Observe that,
analogously to above, the � -th worm ' G in a reduction sequence of ÏnÐ�Ñ Ò starting with
a worm '^� satisfies A  ��CB�$/Dn%	' G +XÅLA  ��CB�$/Dn%	'^� +�[ % Ó % ��+�PE(v+/F . So we have unprovability
in � � of the following refinement of c ��G % ��+ .c � c ) e ; c N � �&121&12�4N Üºä ��Gv_a` � %dcHI Å�;M+&�MA  v�
Bv$/Dn% NSDi+XÅ�) [ % Ç I Ç � ÉnÊN ì µ D ¸ PK(v+#F �æ %feEI J5âAÅR;�+3� N D ÅUÒ ° N ã ����1
Gordeev’s gap-embeddability and Worms In [6] Gordeev introduced a variant of
gap-embeddability, called symmetrical gap-embeddability, in order to obtain mathe-
matically neat independence results from strong systems of arithmetic. We wish to
point out that we can get the analogue of Theorem 3 for Gordeev’s notion of gap-
embeddability, essentially by the same “combinatorial” proof.

Let us first recall Gordeev’s variant of gap-embeddability.

Definition 3. If N ` - % { � �&1&121&�4{zÜC+ and NSrA- %�Ý¹� �21&121 Ý#Þ + are in � G�_a` , then a strictly
monotone function �«���S�M�21&1213�4;H��� �S���&121&1#��)«� is a symmetric embedding of N ` intoNSr if the following holds:

1. {zD Å Ý ³ µ D ¸ for all I Å�; ,

2. if � %(I +XJßâ.J¾� %	I PV6S+ then Ý4ã Î�> ��� % { ã �*{ ã _a`2+ for all I JR;��iâAJR) .

For N ` �¹N2r ä � G�_a` we say that N ` is Gordeev-gap-embeddable in NCr iff there exists
a symmetric embedding � of N ` into NSr , and denote this fact by N ` ÅPOTÒ ° N2r .

At the end of our proof of Theorem 3 we have, by the same reasoning, that � % ) �6S+«Jéâ � Jþ� % )b+ . But we can show that Ý ã ì�J/>������S{ Þ ��` �4{ Þ � : Ý ã ì£-:{EÜA��6
by choice, and { Þ ��` �4{ Þ Î {zÜ since ) (by definition) and )ê�O6 (by proof) are in� I�� P~6��&121&1*;n� , and Ii� equals by definition the maximum element smaller than ; such
that { ã J¾{EÜ . Hence we have the following.

NC` � � � N r æ:NC` ç OTÒ °XN r 1
Hence one can get fine unprovability results for Gordeev’s notion of gap-embeddability
as in the previous paragraph.

On a final note we point out that, as observed by Beklemishev and the present
author, no logic between ð»ñY� � and ð»ñ�� characterizes Gordeev’s gap-embeddability
in the sense of Theorem 4. This can be seen as follows. Suppose that the analogue of
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Theorem 4 holds for some system ñ between ð»ñ�� � and ð»ñ�� . In particular we have,
for any worms ÄY��� , Ä�ÅPO�Ò ° �ßæ:ñ Ô �ß�KÄ . Then the following inferences have to
be admissible in the system, where Ä is a worm.

1. �	��
*ö7�õ�()b
*ö , for ) ÅR� .

2. �	��
3�()b
²Ä5�õ�	��
�
&�()b
²Ä , for ��
TÅ�� .

But then we can reason as follows. ð»ñ�� � Ô �²6!
3�f��
*öQ4 �²6S
4ö$R��	�n
*ö . By the
inference 1 above we have ñ Ô ��6S
*öLRR�	�n
*öS4 �²6S
4ö . So ñ Ô �²6!
3�	�n
*öS4 �²6!
*ö .
By the the inference 2 above we have ñ Ô �²6S
&�	�n
*ö]� �f��
&�	��
4ö , so that ñ Ô ��6S
4ö]��	�n
3�f��
*ö . But �v� ç OTÒ °h6 , a contradiction.
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