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Abstract. The n-ary first and second recursion theorems formalize two
distinct, yet similar, notions of self-reference. Roughly, the n-ary first
recursion theorem says that, for any n algorithmic tasks (of an appro-
priate type), there exist n partial computable functions that use their
own graphs in the manner prescribed by those tasks; the n-ary second
recursion theorem says that, for any n algorithmic tasks (of an appropri-
ate type), there exist n programs that use their own source code in the
manner prescribed by those tasks.

Results include the following. The constructive 1-ary form of the first
recursion theorem is independent of either 1-ary form of the second recur-
sion theorem. The constructive 1-ary form of the first recursion theorem
does not imply the constructive 2-ary form; however, the constructive
2-ary form does imply the constructive n-ary form, for each n > 1. For
each n > 1, the not-necessarily-constructive n-ary form of the second
recursion theorem does not imply the (n + 1)-ary form.

1 Introduction

The n-ary first and second recursion theorems [Rog67, Ch. 11]! formalize two
distinct, yet similar, notions of self-reference. (Henceforth, we shall refer to these
simply as the first and second recursion theorems.) In a sense, the first recursion
theorem asserts the existence of partial computable functions that refer to their
own graphs; the second recursion theorem asserts the existence of programs that
refer to their own source code. Formally, each theorem asserts the existence of
solutions to systems of a certain type of equation. We discuss each theorem in
detail in the sections that follow.

* This is an expanded version of [CMO09]. This paper received some support from NSF
Grant CCR-0208616.

! In [Rog67], what is called the second recursion theorem in Chapter 11 proper (i.e.,
Theorem 1V) is a strictly weaker pseudo-fixpoint variant of Kleene’s original formula-
tion [Ric80, Theorems 5.1 and 5.3]. The correct formulation can be found in [Rog67,
page 214, problem 11-4] and in Section 1.3 herein.



(a) let rec fib0 = function 0 -> 0 | x -> fib1(x-1)
and fibl = function 0 -> 1 | x -> fib0(x-1) + fibl(x-1)

0, if x = 0;
N Oo(o, 1) (z) = {oa(w —1), otherwise.
1, if x = 0;

O1(ap, o) (z) = {

ao(z — 1) + aq(z — 1), otherwise.

Fig.1. (a) A system of recursive equations in Ocaml. The functions assigned to £ib0
and £ib1 are the minimal fixpoint of (@, ©1), where the computable operators O, O :
P? — P are as in (b).

1.1 The First Recursion Theorem

Many programming languages allow one to define functions using recursive equa-
tions, or systems thereof. Each programming language has its own syntactic nu-
ances; however, a system of n such equations typically has the following form.
The left-hand-side of each equation contains one of n function variables; the
right-hand-side of each equation contains an expression involving some subset
of those n variables. For the programming language Ocaml [INR], an example is
given in Figure 1(a).

The functions defined by such a system of equations constitute some solution
of that system. Depending upon the semantics of the programming language,
however, there may exist systems of equations for which there are no solutions,
and there may exist systems of equations for which there are multiple solutions.

The first recursion theorem asserts that, for a very natural class of equations,
there will always exist a solution to a system of equations drawn from that class;
in fact, there will exist a solution that is, in some sense, simplest among all pos-
sible solutions. The first recursion theorem applies to those systems of equations
that can be expressed using computable operators; the simplest solutions of such
systems are called minimal fixpoints. We discuss each of these topics below.

Let N be the set of natural numbers, {0,1,2,...}. Let lowercase Roman letters,
with or without decorations (e.g., a, by, ¢’), range over elements of N, unless
stated otherwise. Let P be the set of all partial functions mapping N to N. Let
lowercase Greek letters, with or without decorations (e.g., «, o, ¥'), range over
elements of P, unless stated otherwise. Let (F});en be any canonical enumeration
of the finite functions [Rog67, MY78|. For each n, each ay,...,a,—_1, and each
Bos s Bru—1, (@05 ey 1) € (Boy ooy 1) Wlao S o A -+ A a1 C Baal.

Intuitively, a computable operator is a mapping @ : P* — P (n > 1) for
which there exists an algorithm for listing the graph of the partial function
O(ag, ..., 1) from listings of the graphs of the partial functions «ag, ..., ap_1;
moreover, the content of the resulting graph does not depend upon the enumera-
tion order chosen for each of v, ..., a1 [Rog67, §9.8].2 Uppercase Greek letters,

? Rogers [Rog67] calls the computable operators, recursive operators.



with or without decorations (e.g., ©, ¥y, £2’), range over computable operators,
unless stated otherwise.

Computable operators have the following monotonicity and continuity prop-
erties [Rog67, page 147]. For each n, and each © : P — P, (a) and (b) below.

(a) Monotonicity: For each «q,...,a,—1 and Sy, ..., Bn-1, if (ag,...,n_1) C
(ﬁ()v ~~'7ﬂn71)7 then 9(0&0, ...,Oénfl) Q Q(ﬂo, ~~~75n71)~

(b) Continuity: For each «y,...,a,_1, and each (z,y) € O(ag, ..., ¥n_1), there
exist ig,...,in—1 such that (Fj,,..,F; ,) € (ag,...,0n—1) and (z,y) €

O(F; F;, ).

For each n, each ag, ..., 1, and each Oq,...,O,,_1 : P" = P, (g, ..., ap_1)
is a fizpoint of (O, ...,Op,_1) %

09

ag = Og(ag, ..., 0n—1);
(1)

Qp—1 = enfl(aOa ~~aan71)~

Intuitively, an «q, ..., ap—1 as in (1) can be thought of as a collection of functions
that refer to themselves. What each «; does with the information obtained from
this self/other-reference is determined by ©;.

For each n, each ay, ..., @1, and each Oy, ...,O0,_1 : P"* — P, (g, ..., ¥pn_1)
is the minimal fixpoint of (O, ...,0,_1) & (a) and (b) below.3

(a) (ag,...,an—1) is a fixpoint of (O, ...,On_1).
(b) For each fy, ..., Bn-1, if (Bo,...,Bn-1) is a fixpoint of (O, ...,O,_1), then
(@0, s an—1) € (Bos s Bn—1)-

Condition (b) gives the sense in which a minimal fixpoint represents the simplest
possible solution to a system of recursive equations: any other solution is more
complicated in that there are more pairs in the graphs of its functions.

For each n, the n-ary form of the first recursion theorem says that, for each
00, ..., On_1: P* = P, (Oy,...,0n_1) has a minimal fixpoint («p, ..., ¥p_1), and,
moreover, each of ay, ..., a,_1 is partial computable. Thus, if a system of equa-
tions can be written in the form of (1), for some Oy, ..., O, _1, then that system
has a simplest possible solution, namely, the minimal fixpoint of (O, ..., Op_1).
The example given in Figure 1(a) can be written in this way, using the com-
putable operators ©y and O of Figure 1(b).

For obvious reasons, the first recursion theorem is also called the minimal
fixpoint theorem.

1.2 The First Recursion Theorem in Programming Systems

From a programming languages standpoint, one should care, not only that a
minimal fixpoint solution exists for any given system of equations, but also that

3 Tt is straightforward to show that such a fixpoint must be unigue; hence, we are
justified in calling it the minimal fixpoint.



there exist programs witnessing that minimal fixpoint. This idea is formalized
in the following paragraphs.

Let PC be the set of all partial computable functions mapping N to N. An
effective programming system (eps) [Rog67, MY78] is an onto numbering (g )qen
of PC such that A\g,x.9,(z) is partial computable. An eps may be thought of
as an abstraction of the notion of programming language, in the following sense.
If one were to take the programs in some programming language for PC, and
number those programs, e.g., length-lexicographically, then the function which
sends ¢ to the semantics of the gth program would be an eps.

For each n > 1, we say that the not-necessarily-constructive n-ary form of the
minimal fizpoint theorem (n-mfp) holds in eps (1,)qen % for each Oy, ..., 0,1 :
P™ — P, there exist e, ..., e,_1 such that

(Vegs s e, _, ) is the minimal fixpoint of (O, ..., On_1). (2)

Thus, eq, ..., en—1 witness the minimal fixpoint of (O, ..., Op_1) in (¥g)gen-
Intuitively, eg, ...,e,_1 is a collection of programs that have limited knowl-
edge of one another. More specifically, each e; can refer to only the extensional
(synonym: denotational) characteristics of eg,...,e,—_1, i.e., their I/O behav-
ior [Roy87].
As it turns out, n-mfp is ubiquitous.

Proposition 1. For each n > 1, and each eps (¢y)q4en, n-mfp holds in (1) 4en-

Proof of Proposition. Let n and (1)4)4en be as stated. Let O, ...,0,_1 : P" — P
be fixed. By the first recursion theorem, (O, ..., ©,_1) has a minimal fixpoint
(g, ..., n—1), and each of v, ..., ap—1 is partial computable. Thus, since (¥q)qen
is an onto map of PC, there exist ey, ..., €n,—1 such that ., =ag A -+ A, , =
O 1. O (Proposition 1)

One problem with n-mfp is that it lacks constructivity. That is, n-mfp merely
requires that the witnessing programs, eq,...,e,—1, erxist. However, it would
seem reasonable to expect that one could construct ey, ..., e,—1 from (codes for)
90, ceny Qn—l-

For each n, let a numbering (£2;);en of the computable operators of type
P" — P be effective ¥ the predicate Ai, j, ig, ..., in—1-[F; C 2;(Fys .oy i, 1)) I8
partial computable.* Let (-, -) be any fixed pairing function.® For each x, (z) 4f 2,
and, for each o, ..., ,—1, where n > 2, (¢, ...,xn_1) ¥ (20, (z1, ..., 2r—1)).

For each n > 1, we say that the constructive n-ary form of the minimal fix-
point theorem (n-MFP) holds in eps (1q)qen 9 there exist computable functions
Hos oy tn—1 : N — N, and an effective numbering (£2;);en of the computable
operators of type P™ — P such that, for each 3 = (jo,..., jn—1), (2) holds with
e; = pi(g) and ©; = £2;,, for each i < n, ie,

(Vuo(3)s > Yun_1(5)) is the minimal fixpoint of (£2;,,..., 25, ). (3)

4 Rogers’ proof of the fundamental operator theorem [Rog67, Theorem 9-XXIII| shows
that such numberings exist.
5 A pairing function is computable, 1-1, onto, and of type N? — N [Rog67, page 64].



(Note that capital letters are used to distinguish the constructive forms of the
first recursion theorem, e.g., n-MFP, from the not-necessarily-constructive forms,
e.g., n-mfp.) Intuitively, each 3 = (jo, ..., jn—1) names a system of equations, i.e.,

Qo = Qjo(ao,...,an_l);
: (4)
Qn—1 = an—l(ao7 ~'~7an—1)~

The functions pg, ..., tt,—1 find the simplest possible solution of that system, in
the sense of (3).

Unlike n-mfp, there do exist epses in which n-MFP does not hold, for each
n > 1. (See Theorem 10 below, for example.) This leads one to ask: what can
be said of those epses in which n-MFP holds? What can be said of those epses
in which n-MFP does not hold? We revisit these questions in Section 2.

1.3 The Second Recursion Theorem

While the first recursion theorem is about partial computable functions that refer
to their own graphs, the second recursion theorem is about programs that refer
to their own source code. Formally: for each n > 1, the n-ary form of the second
recursion theorem (n-krt)® holds in eps (Yq)qen % for each ag,...,an—1 € PC,
there exist eq, ..., e,_1 such that

ey = ao({€0, ..y €n—1,"));
: (5)
wen—l = an*1(<€03 sy En—1, >)

The above can be interpreted as follows. Each e; constructs copies of eq, ..., e,_1
— including e;, itself. Then, e; performs its associated task, «;, using these
self/other-copies.

These self/other-copies provide e; complete, low-level knowledge of
€0y .-y €n—1. As such, e; is able to reflect upon the intensional (synonym: conno-
tational) characteristics of ey, ..., €,_1, e.g., their sizes, runtimes, memory usage,
etc. Of course, by simulating eg, ..., e,_1, it is possible for e; to reflect upon their
extensional characteristics as well [Roy87].

The proof of Theorem 5 in [Cas76] (Theorem 2 below) features a nice ap-
plication of 2-krt. We give some highlights of the proof below. Let (¢p)pen be
any standard numbering of PC.” For each p € N, let W, be the domain of (,.
Thus, (Wp)pen is a (standard) numbering of the computably enumerable (ce)
sets [Rog67].

5 The ‘k’ in n-krt is for “Kleene”. The l-ary forms of the two recursion theorems
are due to him. The generalized n-ary first recursion theorem is due to Manna,
et al. [MNV72, pages 30 and 31]. The 2-ary form of the second recursion theorem
follows essentially from Smullyan’s [Smu61, page 75, Theorem 5]. The generalized
n-ary second recursion theorem appears to be a folk theorem.

7 Any standard numbering is acceptable. As such, n-krt holds in such a numbering, for
each n > 1. (See the discussion surrounding Theorem 5 below.)



Theorem 2 (Case [Cas76, Theorem 5]). There is no algorithm to extend a
computable partial order to ce total order, in the following sense. There is no
computable function f: N — N such that, for each z and y, if

— (, is a characteristic function for a finite set A,%
— (y is a characteristic function for a set R C A x A, and
— the transitive closure of R is a partial order on A,

then Wy(, . is a total order on A which includes the transitive closure of R

The proof of Theorem 2 begins by supposing that such an f exists. Two pro-
grams, eg and e, are then obtained via an application of 2-krt. Intuitively, eg
plays the role of  in Theorem 2, while e; plays the role of y. Each program: (1)
constructs copies of both itself and the other, (2) computes f(eq,e1) using these
self/other-copies, and then (3) begins listing Wy (., ,). By reacting to the pairs
so listed, ey and e; are able to cause f to fail to meet its specification, thereby
obtaining a contradiction.

Another interesting application of 2-krt appears in the proof of [WZ95, The-
orem 3].

Like n-mfp (Section 1.2), there is no constructivity in the definition of n-krt.
Unlike n-mfp, however, there do exist epses in which n-krt does not hold, for
each n > 1.10

Nearly every mainstream programming language supports recursive equa-
tions of the form of (1). In this sense, the first recursion theorem is explicitly
built-in to such programming languages. No mainstream programming language
seems to have the second recursion theorem so explicitly built-in, however. We
recommend that such programming languages be developed since they would
have applications, e.g., for self-modeling in artificial intelligence, as suggested
by [Ada06, BZL06, Con07, Sch07].1!

1.4 Constructive Forms of the Second Recursion Theorem

The second recursion theorem has constructive forms similar to those presented
for the first recursion theorem in Section 1.2 (i.e., n-MFP). For each n > 1, the
n-ary form of the relatively constructive second recursion theorem (n-RelKRT)
holds in eps (1g)qen 9 there exist computable functions g, ..., 7,1 : N* — N,
and an eps (£p)pen such that, for each p = (po, ..., pn—1), (5) holds with e; = r;(p)

8 A characteristic function for a set A is a (total) function g : N — {0, 1} such that
(Vz)lg(z) =1 & z € A].
The action of f in Theorem 2 can be seen as a form of topological sort [Knu73].

10 This follows from Riccardi’s [Ric80, Theorem 3.9] (also [Ric81, Theorem 2.9]) and
the existence of Friedberg numberings [Fri58, Kum90], for example.

11 We would also like to understand mathematically the usefulness and possible profun-
dity of perfect n-ary self/other-modeling and self/other-knowledge; hence, a future
project is to insightfully characterize, for each n > 1, the epses in which n-krt holds.



and a; = &,,, for each i < n, i.e.,

Urop) = Epo ((ro(P); -+ Tn1(P),));
: (6)
¢Tn—1(p) = gpn—l (<T0<p)a ) Tnfl(p% >)

In (6), (¢q)qen is an eps for representing self-referential programs (e.g., ro(p),
vty Tn—1(p)), while (&)pen is an eps for representing programs for tasks (e.g.,
Po, ~~»Pn71)~

The 1-ary form of RelKRT was introduced in [CMO07a]. Therein, it was shown
that 1-krt and 1-RelKRT are equivalent, in the following sense.

Theorem 3 (Case, Moelius [CMO07a, Theorem 2]). For each eps (1) 4en,
1-krt holds in (14)gen < 1-RelKRT holds in (14)4en-

Thus, for any eps containing self-referential programs, there exists some effective
numbering of all algorithmic tasks from which those self-referential programs can
be found constructively.

A special case of RelKRT that has been considered frequently in the literature
(e.g., in [Ric80, Ric81, Roy87]) is the following. For each n > 1, the constructive
n-ary form of the second recursion theorem (n-KRT) holds in eps (1q)qen &
there exist computable functions rg,...,7,_1 : N — N such that, for each g =

(90, ---sqn—1), (6) holds with (¢)4)gen = (&p)pen; i€,

dJTO(Q) = wq0(<TO(Q),-~-,Tn—1(Q)7'>)§
: (7
wrnf1(q) = an—l (<7"0(Q), ey Tnfl(Q)v >)

KRT is a special case of RelKRT in that the eps for representing self-referential
programs (i.e., (1q)qen), and the eps for representing programs for tasks (i.e.,
(&p)pen), are the same.

In his thesis, Riccardi showed the following.

Theorem 4 (Riccardi [Ric80, Theorem 3.15], [Ric81, Theorem 2.13]).
There exists an eps (¢4)qen such that (Vn > 1)[n-krt holds in (14)4en], but
1-KRT does not hold in (14)4en-

In addition to the above, Riccardi’s thesis featured another remarkable result.
An eps (1g)q4en is acceptable 9 every other eps can be compiled into (1,)gen,
ie., (Veps (§)pen)(3 computable t : N — N)(Vp) [ty = &p] [Rogb7, MYTS,
Ric80, Ric81, Roy87].

Theorem 5 (Riccardi [Ric80, Theorem 3.6], [Ric81, Theorem 2.6]).
For each eps (¢q)qen, (¥q)qen is acceptable < 2-KRT holds in (¢g)g4en.

It can be shown that, if (1;)4en is an acceptable eps, then (1,)4en has the
following desirable properties.



a) (1g)qen has an implementation of every control structure.'?

(a)

(b) For each n > 1, n-MFP holds in (¢4)gen.

(c) For each n > 1, n-KRT holds in (¢g)gen-

(d) For each n > 1, n-RelKRT holds in (¢q)qen."

These observations and Riccardi’s Theorem 5 above imply the following.

Corollary 6 (of Theorem 5). For each eps (14)qen, 2-KRT holds in (¢4)qen
< (Vn > 1)[n-KRT holds in (¢q)qen].

Thus, having the ability to find just two self-referential programs constructively
for any two programs for tasks implies having the ability to find n self-referential
programs constructively for any n programs for tasks, provided that the two
varieties of program reside in the same eps.

What if one were allowed to program the tasks in some other eps? That is,
if one were to replace 2-KRT by 2-RelKRT in Theorem 5, would the result still
hold? We answer this question in the affirmative in Section 2.

1.5 Organization

In Sections 2 and 3, we explore the relationships among the forms of the recursion
theorems mentioned above. In Section 2, we focus, primarily, on the constructive
forms of the two recursion theorems; in Section 3 we focus on the second recursion
theorem. Complete proofs of all theorems can be found in the appendix.

For the remainder, we focus exclusively on effective numberings of PC (i.e.,
epses). However, it is worth mentioning that the two recursion theorems also
have applications to effective numberings of subsets of the computable functions.
See, for example, [Koz80, RC94, BKO08].

2 Constructive Forms of the Recursion Theorems

In this section, we explore the relationships among the constructive forms of the
two recursion theorems (i.e., MFP, RelKRT, and KRT). Our main results of this
section (summarized in Figure 2) are:

— 2-MFP entails acceptability (Theorem 7).

2-RelKRT entails acceptability (Theorem 9).

— 1-KRT does not entail 1-MFP (Theorem 10).

— 1-MFP entails neither 1-krt (Theorem 11) nor 2-MFP (Corollary 12).

2 See [Ric80, Ric81] for an explanation of this result.
13 In fact, (d) follows from (c).

Since acceptability yields all of the properties considered herein, we must restrict
attention to non-acceptable epses in order to understand the interrelatedness of these
properties. epses corresponding to standard, general purpose programming languages
(e.g., Lisp, C++, or Ocaml) are acceptable. However, independence proofs (e.g., in
set theory and herein) often require the construction of pathological models.



2MFP —— 1-MFP

2-KRT — 1-KRT — 1-krt

2-RelKRT ————— 1-RelKRT

Fig. 2. A summary of the main results of Section 2. Arrows indicate entailment rela-
tionships. The reflexive-transitive closure of the above diagram represents all of the
entailment relationships that hold among the forms of the recursion theorem appearing
therein.

Theorem 7 and its corollary are our first main results.

Theorem 7. For each eps (1q)qen, if 2-MFP holds in (¢g)qen, then (1g)qen is
acceptable.

Corollary 8 (of Theorem 7). For each eps (1)4)4en, 2-MFP holds in (¢,)4en
< (Vn > 1)[n-MFP holds in (¢,)4en]-

Thus, having the ability to find a minimal fixpoint solution constructively for
any two recursive equations implies having the ability to find a minimal fixpoint
solution constructively for any number of recursive equations.

Theorem 9 just below says that 2-RelKRT entails acceptability. Recall that
Riccardi’s Theorem 5 above said: having the ability to find just two self-
referential programs constructively for any two programs for tasks implies having
the ability to find n self-referential programs constructively for any n programs
for tasks, provided that the two varieties of program reside in the same eps. The-
orem 9 says that Riccardi’s result still holds even if the two varieties of program
are allowed to reside in distinct epses. The proof of Theorem 9 is similar to Ric-
cardi’s proof of Theorem 5 (see [Ric80, Theorem 3.6] or [Ric81, Theorem 2.6]).

Theorem 9. For each eps (¢4)qen, if 2-RelKRT holds in (¢4)4en, then (¢y)q4en
is acceptable.

Theorem 10 just below says that 1-KRT does not entail 1-MFP. This re-
sult was a surprise to us. MFP provides its witnessing programs access to only
their extensional characteristics. krt, on the other hand, provides its witnessing
programs access to both their intensional and extensional characteristics. (See
the discussions following (2) in Section 1.2, and (5) in Section 1.3). Thus, we
had expected an entailment relationship to hold between n-krt and n-MFP, and,
thus, between n-KRT and n-MFP. As Theorem 10 asserts, however, this is not
the case. Understanding why is the subject of future research.'* The proof of
Theorem 10 is a finite-injury priority argument [Rog67, page 166].

Theorem 10. There exists an eps (14)qen such that 1-KRT holds in (¥,)gen,
but 1-MFP does not hold in (¢4)gen-

14 Perhaps this has something to do with minimal versus non-minimal fixpoints.



1-KRT — 1-krt «— 2-krt «— 3-krt «— - --

Fig. 3. A summary of the main results of Section 3. Arrows indicate entailment rela-
tionships. The reflexive-transitive closure of the above diagram represents all of the
entailment relationships that hold among the forms of the recursion theorem appearing
therein.

Theorem 11 just below says that 1-MFP does not entail 1-krt.

Theorem 11. There exists an eps (1,)gen such that 1-MFP holds in (¢,)gen,
but 1-krt does not hold in (1¢)gen-

Corollary 12 just below says that 1-MFP does not entail 2-MFP. Recall that
Corollary 8 above said: 2-MFP entails n-MFP, for each n > 1. Corollary 12 says,
essentially, that this collapse which occurs upward of n = 2 does not extend
below n = 2.

Corollary 12 (of Theorems 7 and 11). There exists an eps (¢q)qen such
that 1-MFP holds in (t¢4)4en, but 2-MFP does not hold in (¢4)gen-

We have not investigated whether n-krt entails 1-MFP, for n > 2. However, we
conjecture: there exists an eps (14)4en such that (Vn > 1)[n-krt holds in (14)4en,
but 1-MFP does not hold in (14)4en. We also think it would be interesting to
explore properties complementary to 1-MFP, in the spirit of [CMO07b].

3 The Second Recursion Theorem

In this section, we explore the relationships among various forms of the second
recursion theorem (i.e., KRT and krt). Our main results of this section (summa-
rized in Figure 3) are:

— For each n > 1, n-krt does not entail (n + 1)-krt (Theorem 13).
— 1-KRT does not entail 2-krt (Theorem 14).

Theorem 13 just below says that, for each n > 1, n-krt does not entail
(n+1)-krt. Thus, the existence of self-referential programs for any n algorithmic
tasks does not imply the existence of self-referential programs for any n + 1
algorithmic tasks. The proof of Theorem 13 is a finite-injury priority argument.

Theorem 13. For each n > 1, there exists an eps (¢4)4en such that n-krt holds
in (¥4)qen, but (n + 1)-krt does not hold in (¥4)qen-

Theorem 14 just below says that 1-KRT does not entail 2-krt. Thus, hav-
ing the ability to find one self-referential program constructively for any one
algorithmic task does mot imply having the ability to find two self-referential
programs — constructively or otherwise — for any two algorithmic tasks. The
proof of Theorem 14 is a finite-injury priority argument.

Theorem 14. There exists an eps (1)4)q4en such that 1-KRT holds in (¢,)g4en,
but 2-krt does not hold in (¢4)gen-

10
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Appendix

A Preliminaries

Computability-theoretic concepts not covered below are treated in [Rog67].

Recall that N denotes the set of natural numbers,{0,1,2,...}, and that low-
ercase Roman letters, with or without decorations (e.g., a, bg, ¢’), range over
elements of N, unless stated otherwise. Uppercase Roman letters, with or with-
out decorations (e.g., A, By, C’), range over subsets of N, unless stated otherwise.
In several places, we use ‘=’ to denote an anonymous variable ranging over N.

Recall that P denotes the set of all partial functions mapping N to N, and
that lowercase Greek letters, with or without decorations (e.g., a, By, 7'), range
over elements of P, unless stated otherwise. Further recall that uppercase Greek
letters, with or without decorations (e.g., ©, Wy, 2’), range over computable
operators, unless stated otherwise.

For each o and z, ()| denotes that a(z) converges; a(z)T denotes that a(x)
diverges.'® For each o, dom(a) ¥f {z | a(z)]}; mg(a) ¥ {y | 3z)a(z) = y]}.
We identify each partial function, «, with its graph, {(z,y) | a(x) = y}. So, for
example, () denotes the everywhere divergent function. We use | to denote the
value of a divergent computation.

For each n, and each 2o, ..., xn_1, 7"y ((x0, ..., Tn—1)) L 2;.

The following function will be of use later on. For each ¢, i, and z, let out :
N2 — N be as follows.

out({¢,0),x) = x; (8)
out((€,i+ 1), x) = out((¢,), {(¢,i+1),z)). (9)

So, for example, for each ¢ and x,

out((£,3), z) = <<£, 1), ((6,2), (¢, 3),x>>> (10)
Lemma 1. Suppose that (14)qen is such that, for each ¢ and 1,
Yoy = Y0y 0 out((L,4), ). (11)
Then, (a)-(c) below.

5 For each o and z, a(z) converges iff there exists some y such that a(z) = y; a(z)
diverges iff there is no y such that a(z) = y. If a is partial computable, and x is such
that a(z) diverges, then one can imagine that a program associated with a goes into
an infinite loop on input x.
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(a) If (1q)gen is an eps, then 1-KRT holds in (14)gen-

(b) For each ¢, i, and 4', if i < i’ and dom(¢(y;+y) is infinite, then dom () ;) is
infinite.

(c) For each ¢, i, and 4', if i < ', then rng(v,iy) € rng(ieiy)-

Proof. The proof of each part is straightforward. For part (a), the witnessing
function can be taken to be A(¢,).(¢,i + 1). O (Lemma 1)

B Proofs

Theorem 7. For each eps (¢4)qen, if 2-MFP holds in (¢4)qen, then (1,)4en is
acceptable.

Proof. Let (1hq)qen be as stated. Let g, u1 : N> — N and (£2;) ey witness 2-MFP
in (14)gen- Let (¢p)pen be any acceptable eps. Let jo be such that, for each ag
and aq,

_ _ J¥ai (0, if a1(0) converges;
(a0, o) = {@, otherwise. (12)

Let t : N — N be such that, for each p,
t(p) = po(Jjo, j1), where jy is first found such that £2;, (0,0)(0) = p. (13)

Clearly, t is computable. To complete the proof, it then suffices to show that,
for each p, ¥y,) = p. Let p be fixed. Let j; be that which is selected in the
computation of ¢(p). Thus, £2;, (0,0)(0) = p. Let (c, 1) be the minimal fixpoint
of (£2},,92;,). Note that

(0,p) € £2;,(0,0)  {by the choice of j; }

C 2}, (o, a1) {by the monotonicity of £2;, } (14)
= {because (o, 1) is a fixpoint of (£2;,, 2;,)}.
Thus,
Vep) = YuoGoj1) 10y (13) and the choice of j; }
= ap {by the choices of u and g}
= 2, (ag, a1) {because (ag,a1) is a fixpoint of (£2;,,£2;,)}
— o {by (12) and (14)}.

O (Theorem 7)

Theorem 9. For each eps (¢4)qen, if 2-RelKRT holds in (14)4en, then (¢q)q4en
is acceptable.

Proof. Let (14)qen be as stated. Let rg,71 : N> — N and (¢;)jen witness
2-RelKRT in (¢4)4en- Let f : N> — N be such that, for each jo and p,

1, if (V(jo, ") < (o, p))[f (Jo, p’) 1] and there
B exists a least j1 such that 1 (jo,j1) &

f(jo,p) = {r1(d6, FGo2)) | (o) < (osp) }5
T, otherwise.

(15)
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Clearly, f is partial computable. That f is total follows from Claim 9.1 just
below.
Claim 9.1. For each jo, {r1(jo,j1) | j1 € N} is infinite.

Proof of Claim. Let jo be fixed. Let j; and j] be any two &-programs for distinct
constant functions. Then,

VriGown) = & 7 &3 = Vri(Gonst) (16)
and, thus, r1(jo, 1) # r1(Jjo, j;)- Since there are infinitely many constant func-
tions, the claim follows. O (Claim 9.1)

Let jo be such that, for each ey and ey,

©p, where (jo,p) is least, if any, such that

o ((eo,e1,7)) = r1(jo, f(jo.p)) = e1; (17)
Az.T, otherwise.

Claim 9.2. For each eq, there exists at most one pair (jo, p) such that

1 (jOa f(]Oap)) =e€1. (18)

Proof of Claim. By way of contradiction, let e; be such that, for distinct pairs
<j07p> and <j(/)7pl>7

r1(jo, f(Go. ) = r1 (4o, f (o, P')) = ex. (19)

Without loss of generality, suppose that (j{,p") < (jo,p). Then, by the definition

of f,
71 (jo, f (o ) # r1(40s f (4o, P")) (20)

— a contradiction. O (Claim 9.2)
To complete the proof of the theorem, it suffices to show that, for each p,
Uro(io.s Gow)) = Pr- (21)
Let p be fixed. For each i < 1, let €; = 7;(jo, f(jo,p)). By Claim 9.2,
(jo,p) is the unique pair such that r1 (jo, f(jo,p)) = e€1. (22)
Thus,

VroGosf Goop)) = Sjo({€0,€1,+)) {by the choices of g, ep, and ey}
= o {by (17) and (22)}.

O (Theorem 9)

The proof of Theorem 10 just below is a finite-injury priority argument.

Theorem 10. There exists an eps (1)4)q4en such that 1-KRT holds in (¢,)gen,
but 1-MFP does not hold in (¢4)gen-
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Proof. (14)qen is constructed in stages. It will be clear from the construction
that, for each stage s, the graph of (¢7)sen is decidable. Throughout the con-
struction, the following invariant is maintained. (Recall that out : N2 — N was
defined in (8) and (9).) For each s, ¢, and 1,

ey = Yooy 0 out((6,7), ). (23)

For bookkeeping purposes, the construction maintains a ce set S. S = 0.

Let (O )ren be any acceptable numbering of the computable operators of type
P — P.16 For each p and ¢, let start : N — N and rank : N — N be as follows.

start(0) = 0; (24)
start(p + 1) = start(p) +p + 1.17 (25)
rank(¢) = max{p | start(p) < ¢}. (26)

The construction of (¢g)4en is given in Figure 4.

Claim 10.1. (¢g)qen is an eps.

Proof of Claim. To show the claim, it suffices to show that, for each p, there
exists an £ such that 1y ¢y = ¢,. By way of contradiction, let po be such that,
for each ¢, ¥4 0y # ¥p,- Let L be such that

L = {¢|rank(¢) = po}. (27)

Clearly, if, for some ¢ € L, the “if” clause is satisfied in infinitely many stages
of the form 2(¢,—), then v ¢y = @p,. Thus, it must be the case that, for each
{ € L, the “if” clause is is satisfied in only finitely many stages of the form

200, ).

16 For each n, we say that an effective numbering (O )ren of the computable oper-
ators of type P" — P is acceptable 9 for every effective numbering (£2)jen of
the same type, (3 computable t : N — N)(Vj)[O.;) = £2;]. The following facts are
straightforward to show.

1. For each n, there exists an acceptable numbering of the computable operators of
type P" — P.

2. If (Ok)ken is an acceptable numbering of the computable operators of type
P" — P (n > 1), then, for each effective numbering (£2;),cn of the same type,
(3 computable, 1-1 ¢ : N — N)(V4)[0Oy(;) = £25].

3. If p: N — N and (£2;)jeny witness 1-MFP in (¢q)qen and (£2;);en is acceptable,
then (1q)qen is an acceptable eps.

7 The proof of Theorem 10 can be viewed as a finite-injury priority argument [Rog67,
page 166] with one set of requirements being: R, < (3¢)[1)(r,0) = @p]. A requirement
R, is injured whenever a pair is put into the graph of gy, for some ¢ € {{ |
start(p) < £ < start(p + 1)}, in a stage of the form 2(p,—) + 1. In this sense,
start(p + 1) — start(p) is a (computable) upper-bound in the number of injuries
sustained by R,.
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Perform stages s = 0, 1, ..., successively, as follows.

STAGE s = 2(£, =). If ¥, 0y € @Jani(r), then set wflf% = gof:r}k“), and, for each i > 1,

set 1&2@% = 1&?23) oout({£,13), ).

STAGE s = 2(p, —) + 1. Determine whether there exists a k¥ < s such that each of
conditions (a)-(f) below is satisfied.

(a) (0,0) € ©;({(0,0)}).

(b) (0,1) € B ({(0,1)}).

(c) ep(k)l.

(d) ¥{0,:(0)1, where (£,4) = @5 (k).
(e) rank(¢) > p, where (£,i) = @, (k).
(f) pg S°

If such a k exists, then let (£,7) be as in conditions (d) and (e) just above, and perform

steps (i)-(iii) below. (Claim 10.5 shows that steps (i) and (ii) cause (0,0) € w?ﬁ-)

(i) Set (out((é7 i)70),0) € ¢?Z()1>’
(ii) For each i’ > 1, update 1/szi1,> as in a stage of the form 2(¢, —).
(iii) Set p € S=FL.

Fig. 4. The construction of (¢q)qen in the proof of Theorem 10.

Note that, for each £ € L, there are two ways that a pair may be put into
the graph of 1 y: the first is during a stage of the form 2(¢, —); the second is
during a stage of the form 2(p, —) + 1, for some p satisfying

p < rank(¢) (= po). (28)

Clearly, the first way cannot affect the aforementioned “if” clause. Thus, it must
be the case that some pair is put into the graph of 1y gy by the second way.

Note that, whenever a pair is put into the graph of some 1y ¢y in a stage of
the form 2(p, —)+ 1, that p is then put into S. Thus, there can be no subsequent
stage of the form 2(p, —) + 1 in which a pair is put into the graph of any 1 q).
It follows that, for each ¢ € L, the p corresponding to ¢ in the sense of (28) must
be unique with respect to £. Thus,

[{p | p < po}|
> || {by the preceding discussion}
= [{¢ | rank(¢) = po}| {by (27)}
= |{start(po), ..., start(po + 1) — 1}| {by the definition of rank}
= start(pg + 1) — start(po) {immediate}
=po+1 {by the definition of start}
=H{plp<po}|+1 {immediate}
— a contradiction. O (Claim 10.1)

Claim 10.2. 1-KRT holds in (¢,)sen.
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Proof of Claim. Follows from Claim 10.1, (23), and Lemma 1(a).
O (Claim 10.2)

The remainder of the proof is to show that 1-MFP does not hold in (4)4en. By
way of contradiction, let ¢ : N — N and (£2;);en witness otherwise. Let J be
such that

J={71(0,0) € 2;({(0,0)}) A (0,1) € 2;({(0,1)})}. (29)

Clearly, for each j € J, there exist fixpoints o and oy of £2; such that (0,0) € ag
and (0,1) € a;. Thus, for each such j, it must be that case that the minimal
fixpoint of §2; diverges on 0, i.e.,

(Vj € I)[Puy (0)1]. (30)
Let L be such that
L={(r{ou)(j)|jeJ} (31)

Claim 10.3. L is infinite.
Proof of Claim. For each i, let j; be such that, for each a and =z,

a(0), if . = 0;
‘jS (a)(x) =41 ife=1; (32)
T, otherwise.
Let L’ be such that
L' ={(nf op)(ji) | i € N}. (33)

Clearly, {jo,j1,...} € J, and, thus, L’ C L. To show the claim, it then suffices
to show that L’ is infinite. Note that, for each 4 and =z,

i, ifx =1;
wu(ji)(x) - {T7 otherwise. (34

Thus, for each i, [rng(¢y,y)| = 1. But, if L' were finite, then by (23),
Lemma 1(c), and the pigeon-hole principle, there would exist an ¢ such that
[rng(v,;,))| > 1 — a contradiction. O (Claim 10.3)

Let t : N — N be a computable, 1-1 function such that, for each j,

Oy(5) = 2. (35)
Let t~! be the least partial function such that

t71ot=id. (36)
Clearly, t—! is partial computable. Thus, there exists a pg such that, for each k,

o = {10470 ik € sl

T, otherwise. (37)

Claim 10.4. There exists some stage of the form 2(pg, —) + 1 in which each of
conditions (a)-(e) in Figure 4 is satisfied.
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Proof of Claim. Clearly, for each p, {¢ | rank(¢{) < p} is finite. Thus, by
Claim 10.3, there exists a jo € J such that rank(¢) > po, where (¢,i) = pu(jo).
Let ko = t(jo). Note (a)-(e) below.

(a) (0,0) € 2, ({(0,0)}) = O, ({(0,0)}).

(b) (0,1) € £2;, ({(0,1)}) = Ok, ({(0,1)}).

(c) po(ko)| = (pot™")(ko) = p(jo)-

(d) Pe,i) (0)1, where (€,4) = p, (ko) {by (c) and (30)}.

(e) rank(¢) > po, where (£,7) = ¢p, (ko) {by (c) and the choice of jo}.

Thus, for a sufficiently large s of the form 2(pg, —) + 1, (a)-(e) in Figure 4 is
satisfied. O (Claim 10.4)

By Claim 10.4, there exists a least stage so of the form 2(pg, —) + 1 in which
each of conditions (a)-(e) in Figure 4 is satisfied. Since s is least such, clearly,
condition (f) in Figure 4 is satisfied as well. Let ko be that k& which is selected
during stage so of the construction of (vq)sen, let (£,4) = @5 (ko), and let
jo =t~ (ko). Note that (£,7) = u(jo).

Claim 10.5. (0,0) € 31!

Proof of Claim. Note that, by step (i) of stage so,
(out({¢,7),0),0) € v (38)

Thus, if ¢ = 0, then the claim is immediate, since (out((é, 1),0), 0) = (0,0). On
the other hand, if ¢ > 1, then by step (ii) of stage s,

Vit = vy o out((6). ). (39)

In particular,
UiEsy () = gy (out((£,),0)). (40)
Thus, the claim again follows from (38). O (Claim 10.5)

By conditions (a) and (b) of Figure 4, jo € J. Furthermore, by Claim 10.5,
(0 0) (S ’(/JSOJrl - '(/)(E,i) = w#(jo)' (41)
But this contradicts (30). O (Theorem 10)

Theorem 11. There exists an eps (¥4)qen such that 1-MFP holds in (¥4)gen,
but 1-krt does not hold in (¢q)qen.

Proof. Let (Ok)ren be any numbering of the computable operators of type P —
P. Let (¥;);en be such that, for each i, k, «, and z,

Or(a)(2),if [[t=0 A i=0 A a#0] V z>0];

Vim()(z) =qi—1, if x=0 A i>0]; (42)
T, otherwise.
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To show that (¥;);en is exhaustive, let k be fixed, and consider the following
cases.

CASE [04(0)(0)1]. Then, ¥ ), = Ox.
CASE [04(0)(0)]]. Let y = 04(0)(0). Then, ¥, 41 k) = O.

Let (1)4)qen be such that, for each ¢, 14 is the minimal fixpoint of &,. Clearly,
(1q)qen is an eps, and 1-MFP holds in (14)4en (with g = id). To show that 1-krt
does not hold in (1q)qen, by way of contradiction, suppose otherwise. Then,
there exists a ¥-program (i, k) such that, for each z,

0, if [t=0 A i=0];
oo (@) = i, if[x=0 A i>0];
(i.k) Or0)(z) +1,if [z >0 A Ok(0)(x)L];
1, otherwise.

(43)

Consider the following cases.

CASE [i =0 A (Vo > 0)[0x(?)(x)1]]. Then, since i = 0, ¥(; 1, (0)(0)1. Further-
more, by the latter part of the case, ¥ 1y (0) = (. Thus, since ;s is the
minimal fixpoint of ¥; 1y, it must be the case that 1, = 0. But, by (43),
Y(iky(0) = 0 — a contradiction.

CasE [i =0 A (3z > 0)[0k(0)(2)]]]. Let = and y be such that z > 0 and
Or(0)(x)] = y. Then, ¥; 1y (0)(x)] = y. Thus, since ¥(; 1 is the minimal fixpoint
of W; iy, it must be the case that v ; »)(z) = y. But, by (43), Y (z) =y +1
— a contradiction.

CASE [i > 0]. Then, ¥; ;,(0)(0)] = i — 1. Thus, since t; ) is the minimal fix-
point of ¥; 1y, it must be the case that ¥; 1) (0) = i—1. But, by (43), 1 1y (0) =i
— a contradiction. O (Theorem 11)

The proof of Theorem 13 just below is a finite-injury priority argument.

Theorem 13. For each n > 1, there exists an eps (¢4)qen such that n-krt holds
in (14)qen, but (n + 1)-krt does not hold in (¢4)gen-

Proof. Let n > 1 be fixed. For each i < n, let a; be such that, for each eg, ..., e,
and z,

i, if [[{eg,...,en}| <nm+1];

a;i({egy ..oy en,x)) = < €ir1, if [[{€o,-.,ent =n+1 A i <nj; (44)
ey, otherwise.

Clearly, each of ay, ..., oy, is partial computable. Thus, to prove the theorem, it

suffices to exhibit an eps (¢4)qen in which n-krt holds, and satisfying: there is
no {qo, ..., @n) such that, for each i < n,

Vg, = @i((qos s Gns ) (45)
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Perform stages s = 0, 1, ..., successively, as follows.

STAGE s = (p, —). Let Q C 2" be the collection of all Q satisfying (a) and (b) below.

(a) Q is an (n+ 1)-cycle in (])qen.
(b) @N{q|q<n-start(p)} # 0.

Let k € {k | start(p) < k < start(p 4+ 1)} be least such that

() {gln-k<g<n-(k+1)}InUQ=0.

s+1 _

(Claim 13.1 shows that such a k necessarily exists.) For each i < n, set ¢;7 . =

s+l . . . —1..
%r;lﬂ(p)«” kn-k+1,..,n-(k+1)—1,-)).

Fig. 5. The construction of (¢q)qen in the proof of Theorem 13.

2-1 2.7 2-49
programs programs programs

fee) (3ol ] (oo ow [oe] [ew] =) (ze] [sw | [oe] [ew] ow) [oe] [ew]: - [ow] -

2 - start(
2 - start(
2 - start(

Fig. 6. A sketch of how ¥-programs are organized. Shown for the case when n = 2.

(1q)qen is constructed in stages. It will be clear from the construction that, for
each stage s, the graph of (17)4en is finite.

For each p, let start : N — N be as follows.
start(0) = 0; (46)
start(p + 1) = start(p) + (n? +n) - start(p) + 1. (47)
For each @, n, and (3)4en, We say that @ is an (n + 1)-cycle in (1y)4en ef
there exist qo, ..., gn, such that (a)-(d) below.

(a) For each 4,4’ <mn,i#1i = q; # qu.

(b) Q = {QO7 7Qn}
(c) For each i <n, ¢y (0) = git1.

(d) 95, (0) = qo-

The construction of (14)qen is given in Figure 5. A sketch of how w-programs
are organized is given in Figure 6.

Claim 13.1. For each stage s = (p, —), there exists a k € {k | start(p) < k <
start(p + 1)} such that k satisfies (%) in Figure 5 in stage s.
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Proof. Let s = (p,—) be fixed, and let Q be as in Figure 5 in stage s. Clearly,
the @ € Q are pairwise disjoint. Thus, by condition (b) in the choice of Q,

|Q| < n - start(p). (48)
By the definition of an (n + 1)-cycle, each Q € Q consists of n + 1 elements.
Combining this with (48), one obtains
| U Q| < (n® +n) - start(p). (49)
Finally, by the definition of start,
[{k | start(p) < k < start(p + 1)}| = (n* + n) - start(p) + 1. (50)

Thus, there must exist at least one k € {k | start(p) < k < start(p + 1)} such
that k satisfies (%) in Figure 5 in stage s. O (Claim 13.1)

Claim 13.2. For each p, there exists a k such that, for each ¢ < n, ¥p.44+; =
goﬂ+1(p)(<n ckn-k+1,..n-(E+1)—1,-)).
Proof of Claim. Follows from Claim 13.1 and the construction of (¢q)qen.

O (Claim 13.2)
Claim 13.3. (¢g)qen is an eps in which n-krt holds.
Proof of Claim. Follows from Claim 13.2. O (Claim 13.3)

Claim 13.4. For each p, at most one k is selected in infinitely many stages of
the form (p, —).

Proof. Let p, kg, and k1, be such that kg # k1, ko is selected in some stage of the
form (p, —), and k; is selected in some subsequent stage of the form (p, —). Since
p, ko, and ky were chosen arbitrarily, it suffices to show that kq is never again
selected. Since kp is mot selected in the earlier stage, it must be the case that
ko < k1. Since kg is not selected in the later stage, there must exist some Q € Q
(where Q is as in the later stage) such that {q | n-ko < g <n-(kg+1)}NQ # 0.
Clearly, the existence of this @) prevents kg from ever again being selected.

O (Claim 13.4)

Claim 13.5. There is no (qo, ..., ¢») such that, for each i < n,
¢qi :ai(<q07"'7Q7la'>)' (51)

Proof of Claim. By way of contradiction, let {qo, ..., q,) witness otherwise. Let
Q = {qo, .-, qn }- First, consider the case that |Q| < n+ 1. Let ¢ and i’ be such
that i # ¢’ and ¢; = ¢;». Then, by (44), for each z,

Vg, (T) =0 # il = Vg, (z) (52)

— a contradiction. Thus, it must be the case that |Q| = n + 1. Furthermore,
by (44), for each i < n, and each z,

_ S i1, it <mg
Vg, () = {qo, otherwise. (53)
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Since start(0) = 0 and start is strictly monotone increasing, there exists a ppmax
such that

Pmax = max{p | n - start(p) < maxQ}. (54)

By Claims 13.1 and 13.4, there exists a unique ko such that k. is selected in
infinitely many stages of the form (pmax, —). Let Qmax and Qoo be such that

Qmax = {q | n - start(pmax) < ¢ < n - start(Pmax + 1) }; (55)

Clearly, by the construction of (¢,)qen, for each ¢ € Qmax — Qoos Py is a finite
function. Furthermore, by (53), for each ¢ € @, ¥, is a total function. Now,
consider the following cases.

CASE [@Q C Qmax]- Since |Q| =n+1 > n = |Qoo|, there must exist at least one
g € Q such that ¢ & Qo. Thus, for at least one ¢ € Q, 1, is a finite function —
a contradiction.

CASE [Q € Qmax]. Clearly, for some so, Q is an (n + 1)-cycle in (13°)gen. Fur-
thermore, by the case, QN {q | ¢ < n-start(pmax)} # 0. Thus, @ € Q in stage sg.
Furthermore, since ¥max g is a total function, max @ € Q. Thus, ko does not
satisfy (x) in Figure 5 in stage sg, or in any subsequent stage — a contradiction.
O (Claim 13.5)

O (Theorem 13)

The proof of Theorem 14 just below is a finite-injury priority argument.

Theorem 14. There exists an eps (1)4)q4en such that 1-KRT holds in (¢,)gen,
but 2-krt does not hold in (1¢)gen-

Proof. The proof is essentially a combination of the techniques used in the proofs
of Theorems 10 and 13. For each ¢ < 1, let «; be such that, for each eg, €1, and
x,
i, if [13(e0) = 7 (e1)];
a;({eg,e1,m)) = < ey, if [r3(eg) # m2(er) A i=0]; (57)
ep, otherwise.

Clearly, ag and «ay are each partial computable. Thus, to prove the theorem, it
suffices to exhibit an eps (¢4)4en in which 1-KRT holds, and satisfying: there is
no {qo, q1) such that, for each i <1,

Vg = @i({q0, q1,-))- (58)

(1q)qen is constructed in stages. It will be clear from the construction that, for
each stage s, the graph of (zﬁ;)qu is decidable. Throughout the construction,
the following invariant is maintained. (Recall that out : N> — N was defined
in (8) and (9).) For each s, ¢, and i,

ey = Yie0y 0 out((4,7), ). (59)
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Perform stages s = 0, 1, ..., successively, as follows.

STAGE s = (p, —). Let Q C 2" be the collection of all Q satisfying (a) and (b) below.

(a) Q is a 2-cycle* in (¢7)qen.
(b) 72(Q) N{€| £ < start(p)} # 0.

Let £ € {¢ | start(p) < ¢ < start(p + 1)} be least such that
() ¢ U{n¥(Q) | Q € Q).
(Claim 14.2 shows that such an £ necessarily exists.) Set wjj 3> = ap;“, and, for each

i>1, set wf;fj) = waﬁ; o out((£,1),-).

Fig. 7. The construction of (¢¢)qen in the proof of Theorem 14.

For each p and ¢, let start : N — N and rank : N — N be as follows.

start(0) = 0; (60)
start(p + 1) = start(p) + 2 - start(p) + 1. (61)
rank(f) = max{p | start(p) < £}. (62)

For each @ and (¥)4en, we say that @ is a 2-cycle™ in (¢y)qen d&f there exist
go and ¢; such that (a)-(f) below.8

Claim 14.1. Suppose that @ and Q" are each a 2-cycle™ in (¥, )4en. Then, either
Q=Q or {(Q) N7t (Q) =0

Proof. Let Q and Q' be as stated. By way of contradiction, suppose that Q # Q’
and 73(Q) N72(Q’) # (. By the former, clearly, Q N Q" = (). Let ¢, i, 7', ¢, and
¢ be such that Q = {{¢,i),q} and Q" = {(¢,4'),¢'}. Thus,

iy (0) = q # q" = iy ,(0). (63)

Without loss of generality, suppose that ¢ < i’. Then, by (59) and Lemma 1(c),
rng(wzm.)) o) rng(wzf,i,>) > ¢'. But since @ is a 2-cycle® in (¢} )gen, rng(wzzﬂ) -
{q} # ¢ — a contradiction. O (Claim 14.1)

'8 Recall that an (n + 1)-cycle was defined in the proof of Theorem 13. (a)-(d) imply:
Q is a 2-cycle in (¢y)qen.
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The construction of (¢,)4en is given in Figure 7.
Claim 14.2. For each stage s = (p, —), there exists an £ € {¢ | start(p) < £ <
start(p + 1)} such that ¢ satisfies (%) in Figure 7 in stage s.

Proof. Let s = (p,—) be fixed, and let Q be as in Figure 7 in stage s.
By Claim 14.1, the sets in {7}(Q) | Q € Q} are pairwise disjoint. Thus, by
condition (b) in the choice of Q,

{m1(Q) | Q € Q) < start(p). (64)

By the definition of a 2-cycle*, for each Q € Q, 77(Q) consists of 2 elements.
Combining this with (64), one obtains

[Ur(@Q) | @ € Q}f <2 start(p). (65)
Finally, by the definition of start,
[{¢ | start(p) < £ < start(p + 1)}| = 2 - start(p) + 1. (66)

Thus, there must exist at least one ¢ € {¢ | start(p) < ¢ < start(p + 1)} such
that ¢ satisfies () in Figure 7 in stage s. O (Claim 14.2)

Claim 14.3. For each p, there exists an £ such that ¢ 0y = pp.

Proof of Claim. Follows from Claim 14.2 and the construction of (4)gen-
O (Claim 14.3)

Claim 14.4. (¢g)qen is an eps in which 1-KRT holds.

Proof of Claim. Follows from Claim 14.3, (59), and Lemma 1(a).
O (Claim 14.4)

Claim 14.5. There is no {(qo, q1) such that, for each i <1,

Vg, = i({q0, q1,-))- (67)

Proof of Claim. By way of contradiction, let (qo,q1) witness otherwise. First,
consider the case that 73(go) = 72(q1). Then, by (57), for each z,

Yo (1) = 0 7 1 = 1y, (). (68)

But (59), (68), and Lemma 1(c) lead to a contradiction. Thus, it must be the
case that 77 (qo) # 73 (q1). Furthermore, by (57), for each z,

Vo (T) = q1; (69)
,(/)<h (Z‘) = qo- (70)

Clearly,
for all but finitely many s, {qo,q1} is a 2-cycle™ in (¢])qen- (71)
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Let £y = m3(qo) and ¢; = 72(q1). Without loss of generality, suppose that £y < /1.
Since start(0) = 0 and start is strictly monotone increasing, there exists a pmax
such that

Pmax = max{p | start(p) < ¢ }. (72)

Let L.« be such that
Lax = {£ | start(pmax) < £ < start(pmax + 1) }- (73)

Consider the following cases.

CASE [{{o,¢1} C Lmax). Then, since ¢4, and 1), are total, it must be the case
that £y and ¢, are each selected in infinitely many stages. Since ¢y < ¢1 and ¢,
is selected in infinitely many stages, the following must be true. For infinitely
many stages of the form (pmax, —), there exists @ € Q such that £y, € 72(Q).
Thus, for each such stage s and corresponding @, (a) and (b) below.

(a) @ is a 2-cycle* in (¥7)gen-
(b) 73(Q) €] € < start(pas)} # 0.

By the case and (b) just above, Q # {qo,q1}. Furthermore, since ¢, € 73(Q),
72(Q) N3 ({qo0,q1}) # 0. Thus, this case and (71) contradict Claim 14.1.

CASE [{lo, 1} € Liax). Then, 7({qo,q1}) N {¢ | £ < start(pmax)} # 0. Further-
more, by (71), ¢; is selected in at most finitely many stages. Thus, 1, is a finite
function — a contradiction. O (Claim 14.5)

O (Theorem 14)



